Abstract. Recently, the degenerate Stirling numbers of the first kind were introduced. In this paper, we give some formulas for the degenerate Stirling numbers of the first kind in the terms of the complete Bell polynomials with higher-order harmonic number arguments. Also, we derive an identity connecting the degenerate Stirling numbers of the first kind and the degenerate derangement numbers by using probabilistic method.
Introduction
The numbers S 1 (n, k) and S 2 (n, k) are, in the notation of Riordan [13, 14] , Stirling numbers of the first kind and of the second kind, respectively and they are given by: (x) n = n k=0 S 1 (n, k)x k , (n ≥ 0), (1.1)
S 2 (n, k)(x) k , (n ≥ 0), (see [1, 2, 3] ). (1.2) where (x) n = x(x − 1) · · · (x − (n − 1)), (n ≥ 1), and (x) 0 = 1. The unsigned Stirling numbers of the first kind are defined as < x > n = n k=0 S(n, k)x k , (n ≥ 0), (see [13] ), (1.3) where < x > 0 = 1, < x > n = x(x + 1) · · · (x + n − 1), (n ≥ 1). From (1.1) and (1.3), we note that S(n, k) = (−1) n−k S 1 (n, k), (n ≥ k ≥ 0). E n,λ (x) t n n! , (see [1] ).
(1.5) When x = 0, E n,λ = E n,λ (0) are called the degenerate Euler numbers. From (1.5), we note that lim λ→0 E n,λ (x) = E n (x), (n ≥ 0), where E n (x) are the Euler polynomials given by 2 e t + 1 e xt = ∞ n=0 E n (x) t n n! , (see [2, 12, 13, 14] ).
By (1.1) and (1.3), we easily get
, (see [13] ), (1.6) and
For λ ∈ R, the degenerate falling factorial sequence is defined as
Note that lim λ→1 (x) n,λ = (x) n , lim λ→0 (x) n,λ = x n . In [5] , the degenerate Stirling numbers of the first kind were defined by Kim as
Kölbig gave the following formula:
, (see [10, 11] ), (1.10) where f (r) (x) = d dr r f (x) and Bel r (x 1 , x 2 , · · · , x r ) are the complete Bell polynomials given by
The complete Bell polynomials are also given by the exponential generating function
In [4] , the complete degenerate Bell polynomials are defined by
where
From (1.12), we note that
are the degenerate Bell numbers given by
Bel n,λ t n n! , (see [9] ).
(1.13)
Here the finite Hurwitz-type functions of order r are defined as
(1.14)
1 k r are the harmonic numbers of order r.
From (1.9), we can derive the unsigned Stirling numbers of the first kind as follows:
k , (see [5, 6] ), (1.15) where
. By (1.9) and (1.15), we get
In this paper, we give some formulas for the degenerate Stirling numbers of the first kind in the terms of the complete Bell polynomials with higherorder harmonic number arguments. Also, we derive an identity connecting the degenerate Stirling numbers of the first kind and the degenerate derangement numbers by using probabilistic method.
Degenerate Stirling numbers of the first kind
From (1.1), we have
On the other hand
By (2.1) and (2.2), we get
It is easy to show that
Thus, by (2.4), we see again that
From (2.4), we also note that
By (1.5), we easily get
where m ∈ N with m ≡ 1 (mod 2). On the other hand
Thus, by (2.7) and (2.8), we get
where n ≥ 0, and m ∈ N, with m ≡ 1 (mod 2).
We summarize this as a theorem.
Theorem 2.1. Let S 1,λ (n, k) be the degenerate Stirling numbers of the first kind given in (1.9) or (2.3). Then we have
where n ≥ 0, and m ∈ N, with m ≡ 1 (mod 2). Now, we observe that
By (2.11), we get
By (2.13), we get
14)
The equation (2.14) is equivalent to
On the other hand, where n ≥ r + 1 ≥ 1. Therefore, by (2.15) and (2.17), we obtain the following equation.
S λ (n, r + 1)
In particular, by replacing n by n + 1, we get
where n ≥ r ≥ 0.
Thus we obtain the following theorem.
Theorem 2.2. Let S λ (n, r) be the unsigned degenerate Stirling numbers of the first kind given in (1.15) or (2.6). Then, for n ≥ r ≥ 0, we have
1 k i are the harmonic numbers of order i. The exponential partial Bell polynomials are the ones given by
Recently, Kim defined the degenerate Stirling numbers of the second kind as follows:
From (2.21), the exponential partial λ-Bell polynomials are considered by Kim as
Thus, by (2.22), we get
where n ≥ k ≥ 0. Note that
and
. Kim defined the partially degenerate Bell polynomials which are given by
Bel n,λ (x) t n n! , (see [8] ). (2.24)
We note that
(2.25) Therefore, by (1.12) and (2.25), we get
Note that
Now, we observe that
(2.27)
Comparing the coefficients on both sides of (2.27), we have
Theorem 2.3. Let S λ (n, r) be the unsigned degenerate Stirling numbers of the first kind given in (1.15) or (2.6). Then, for n ≥ k ≥ 0, we have
where B n,k (x 1 , x 2 , · · · , x n−k+1 ) are the exponential partial Bell polynomials given in (2.20)
Further remarks
A derangement is a permutation with no fixed points. For example, (2,3,1) and (3,2,1) are derangements of (1,2,3) . But (3,2,1) is not because 2 is a fixed point. The number of derangements of an n-element set is called the n-th derangement number and denoted by d n , (n ≥ 0). The derangement number d n satisfies the following recurrence relation:
The generating function of derangement numbers is given by
Thus, by (3.2), we easily get
For λ ∈ (0, 1), the degenerate derangement numbers are defined by the generating function
By (3.5), we easily get 6) and
For λ ∈ (0, ∞) and α(> 0) ∈ R, the degenerate gamma function is defined as
Thus, by (3.8), we get
(α), (see [7] ), (3.9) where λ ∈ (0, 1) and 0 < α < 1−λ λ . From (3.9), we note that
Let λ ∈ (0, ∞). Then X λ is the degenerate gamma random variable with parameters α(> 0), β(> 0), if its probability density function f is given by
(3.12)
Assume that X = X λ is the degenerate gamma random variable with parameters 1,1. Then the k-th moment of X is given by
(1 + λx)
(3.13)
For the following discussion, we assume that λ ∈ (0, 1 k+1 ), and that t < 1 − λ. On the one hand, the expectation of (1 + λX) t λ is given by
(3.14)
On the other hand,
(3.15) Therefore, by (3.14) and (3.15), we obtain the following theorem. Thus we get the following theorem. 
